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We derive that suﬃcient and necessary conditions for existence of a quantum channel φ and a generalized unitary operation E sending
Ai to Bi (1  i  k) for two given families {Ai}ki=1, {Bi}ki=1 of matrices, respectively. As an application, a suﬃcient and necessary
condition for existence of a unitary duality quantum computer with given input-output states is obtained.
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1 Introduction
The theory of quantum information and quantum computa-
tion [1] is a result of the eﬀort to generalize classical infor-
mation theory to the quantum world. According to quantum
mechanics, a quantum system is described by a finite dimen-
sional Hilbert spaceH , a state of the system is described by a
unit vector inH , or a density operator (a positive operator of
trace 1). An evolution of the system is called a quantum op-
eration and denoted by a unitary operator (called a quantum
gate) or a completely positive trace-preserving (CPTP) map-
ping (called a quantum channel). A convex combination of
unitary operators is called a generalized quantum gate [2–4],
which came from a duality quantum computer [5–14].
In quantum information science, it is necessary and useful
to discuss the existence and construction of a quantum chan-
nel that maps a given family of density operators to another.
We consider a composite quantum systemHA ⊗ HB com-
posed of two parts, finite dimensional Hilbert spacesHA and
HB. The first example is the following.
Quantum cloning question (QCQ). Given a set
{ρ1, ρ2, . . . , ρk} of states onHA and a state Σ onHB, to find a
quantum channel φ : B(HA)→ B(HB) such that
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φ(ρs ⊗ Σ) = ρs ⊗ ρs(s = 1, . . . , k),
where B(H ) denotes the algebra of all bounded linear oper-
ators on H . If such a φ exists, we call ρ1, ρ2, . . . , ρk can be
cloned simultaneously [15,16].
The second example is the so-called classical correlation
question.
Classical correlation question (CCQ). Given a state ρ
on HA ⊗ HB, to find a von Neumann measurement Π =






(ΠAs ⊗ ΠBt )ρ(ΠAs ⊗ ΠBt ) = ρ,
whereΠAs andΠ
B
t are one-dimensional orthogonal projections
on HA and HB, respectively. If such a Π exists, we call the
state ρ is classical correlated [17–22]. Gisin [23] presented a
theorem in 1991 that states that any pure entangled two-qubit
state violates the CHSH inequality. Specifically, the CHSH
inequality is both suﬃcient and necessary for the separabil-
ity of two-qubit states and any pure entangled quantum state
violates one of Bell-like inequalities [24].
Thus, the following question arises naturally: given fam-
ilies {Ai}ki=1 ⊂ MN and {Bi}ki=1 ⊂ MM of matrices, to dis-
cuss the existence and construction of a quantum channel
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φ : MN → MM such that φ(Ai) = Bi for every 1  i  k,
MS ,T denotes the set of all S × T matrices and when S = T ,
write it asMS .
In Section 2, some preliminaries will be given. In Section
3, we will derive that suﬃcient and necessary conditions for
existence of a quantum channel φ and a generalized unitary
operation E sending Ai to Bi (1  i  k) for two given fam-
ilies {Ai}ki=1, {Bi}ki=1 of matrices, respectively. In Section 4, a
suﬃcient and necessary condition for existence of a unitary
duality quantum computer with given input-output states will
be obtained as an application.
2 Preliminaries
For a complex matrix A, A† denotes the transpose of the com-
plex conjugate of A. We say a square matrix A is Hermitian
if A = A†, A is positive semi-definite if A is Hermitian and
its eigenvalues are nonnegative. MN(MM) = MN ⊗ MM is
the collection of all N × N block matrices with M × M ma-
trices as entries. A linear map φ : MN → MM is positive
if φ(A) is positive semi-definite for any positive semi-definite
matrix A in MN . Define Ip ⊗ φ: Mp(MN)→ Mp(MM) by
(Ip ⊗ φ)([A j,k]) = [φ(A j,k)]. Then we call φ is completely
positive (CP) if Ip ⊗ φ is positive for all positive integers p.
Consider an N ×M rectangular matrix A = [ai j], we define
the reshaping of A as
res(A) = (a11, . . . , a1M, a21, . . . , a2M, . . . , aN1, . . . , aNM)t,
(2.1)
where Xt denotes the transpose of a matrix X. Clearly, the
length of res(A) is NM.
Conversely, any vector of length NM may be reshaped into
an N × M rectangular matrix. For example,






For arbitrary MN × S T matrix C, usually we use both in-
dices to denote C = [ai j], but more conveniently, we will use
the block-form of C as
C = [Cm,n] ∈ MM,N(MS ,T )
and then write as
C = [Cm,n] = [cm,μn,ν ], (2.2)
where cm,μ
n,ν








































Especially, when C = A ⊗ B, where




For arbitrary MN × S T matrix C defined by eq. (2.2), we
define a block-matrix
Cκ = [Cκm,μ] = [cm,nμ,ν ], (2.3)
where cm,n
μ,ν
denotes the (n, ν)-entry of (m, μ)-block matrix Cκm,μ.
Let φ : MN → MM be a completely positive map. Then







i , ∀ρ ∈ MN . (2.4)
Now, we reshape Vi into a length MN column vector
res(Vi) following eq. (2.1). Define
Vφ :=
(















which is an MN × MN matrix.
The following properties on matrix Dφ were essentially de-
rived in [26].
Proposition 2.1 Suppose that φ :MN →MM is a com-
pletely positive map, then
(1) the matrix Dφ defined by eq. (2.5) is uniquely deter-
mined by φ and positive semi-definite; moreover, Daφ1+bφ2 =
aDφ1 + bDφ2 holds for arbitrary positive numbers a, b and CP
maps φ1 and φ2.
(2) φ is unital if and only if tr2Dφ :=
∑N
μ=1 zm,μn,μ = IM; and
φ is trace-preserving if and only if tr1Dφ :=
∑M
m=1 zm,νm,μ = IN ,
where trsX denotes that the partial trace of X for the sth sys-
tem and IM the M × M identity matrix.
(3) res(φ(ρ)) = Dκφres(ρ) for each ρ ∈ MN .
3 Main results
Theorem 3.1 Let {Ai}ki=1 ⊂ MN and {Bi}ki=1 ⊂ MM. Then
the following conditions are equivalent.
(a) There exists a quantum channel φ : MN → MM such
that φ(Ai) = Bi for every 1  i  k.
(b) There exists an MN×MN positive semi-definite matrix
E such that tr1E = IN and
res(Bi) = Eκres(Ai)(1  i  k). (3.1)
Proof (a)⇒(b) Suppose that there exists a quantum
channel φ satisfying φ(Ai) = Bi for every 1  i  k. Take
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E = Dφ. Proposition 2.1 implies that E is an MN × MN pos-
itive semi-definite matrix with tr1E = IN and satisfies (3.1).
(b)⇒(a) Suppose there exists an MN ×MN positive semi-
definite matrix E satisfying tr1E = IN and (3.1). First, E
has a decomposition E = FF† for some MN × MN ma-
trix F = [F1, F2, . . . , FMN]. Furthermore, we reshape the
jth column F j of F into an M × N matrix V j for every





j . Then Choi’s Theorem reads
φ : MN → MM is a completely positive map. By (3.1) and
Proposition 2.1(3), we get
res(Bi) = Eκres(Ai) = res(φ(Ai))
for all 1  i  k. Lastly, by Proposition 2.1 (2) implies that φ






































It is easy to check that there exists only one matrix
E =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 0 − 12 0
1 1 − 12 1
0 0 12 1
0 1 − 12 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠




1 0 1 1
− 12 0 − 12 1
0 0 0 1
1
2 1 − 12 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
Eκ is not positive semi-definite. Theorem 3.1 implies that
there does not exist a quantum channel φ such that φ(Ai) =









































It is easy to check that the only positive semi-definite matrix
E satisfying






1 0 1 0
0 1 0 0
1 0 1 0
0 0 0 1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
From Theorem 3.1, we see that there exists a unique quantum
channel φ such that φ(Ai) = Bi(i = 1, 2, 3, 4).
A quantum channel E on MN is said to be a generalized




|p j|2U jXU†j , ∀X ∈ MN
for some N × N unitary matrices U j and scalars p j with∑d
j=1 |p j|2 = 1.
Clearly, every GUO E preserves the unit: E(IN) = IN ,
equivalently, tr2(DE) = IN (Proposition 2.1(2)).
In Example 2, since tr2(E) =tr2(Dφ)  I2, the unique quan-
tum channel φ mapping each Ai onto Bi is not a GUO. This
shows that there does not exist a GUO φ onM2 sending the
given Ai to Bi for all i = 1, 2, 3, 4.
Next, let us discuss the existence of generalized unitary
operations that send a given family of matrices to another.
Theorem 3.2 Let {Ai}ki=1 ⊂ MN and {Bi}ki=1 ⊂ MN .
Then there exists a generalized unitary operation E such that
E(Ai) = Bi(i = 1, 2, . . . , k) if and only if there exists a group
{a j} of column vectors such that matrices E j := a ja†j(1 
j  d) satisfies trsE j = IN(s = 1, 2) and there exists a prob-
ability distribution {q j : j = 1, 2, . . . , d} such that the matrix
E =
∑d
j=1 q jE j satisfies condition (3.1).
Proof Necessity. Suppose that there exists a generalized
unitary operation E : X 
→ ∑ j |p j|2U jXU†j such that
Bi = E(Ai) =
d∑
j=1
|p j|2U jAiU†j (i = 1, 2, . . . , k). (3.2)





j ) = E
κ
jres(ρ)(∀ρ ∈ MN), trsE j = IN (3.3)
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for all j and s = 1, 2. Let E =
∑d
j=1 |p j|2E j. Then (3.3)
implies that (3.1) holds.
Suﬃciency. Suppose that there exists a sequence of ma-
trices E j = a ja
†
j with trsE j = IN(s = 1, 2), where a j denote
some column vectors, such that (3.1) holds for E =
∑d
j=1 q jE j
with
∑d
j=1 q j = 1 and q j  0. Then we reshape the a j
into an N × N matrix U j such that res(U j) = a j for every
j. Then it follows from (3.1) that Bi =
∑d
j=1 q jU jAiU
†
j for








j , ∀X ∈ MN .
Then we get a generalized unitary operation E satisfying



































































satisfies res(Bi) = Eκ res(Ai) for i = 1, 2 and trsE j = I2
for j = 1, 2, 3, s = 1, 2. Thus, Theorem 3.2 yields that there
exists a generalized unitary operation φ on M2 such that
φ(Ai) = Bi(i = 1, 2). From the proof of Theorem 3.2, we
see that the GUO φ is






























which are unitary matrices.
4 An application to duality quantum
computers
Based on the general principle of quantum interference, Long
proposed in [5,6] a new type of computing machines called
duality quantum computers. Gudder has given the math-
ematical theory for the duality quantum computer [9,10].
For the further discussions and some applications of dual-
ity quantum computers, please refer to [7,8,12–14]. In [13],
based on Long’s idea of duality quantum computers, we pro-
posed complex duality quantum computers (CDQCs) acting
on vector-states and operator-states. By [13], a CDQC acting







◦ Dp : B(H )→ B(H ), (4.1)




{ε0, ε1, . . . , εn−1} a group of CPTP mappings on B(H ) and
operators






















Dp : B(H )→ B(H ). (4.4)
Then Up(T ) =
n−1∑
i=0





Clearly, Up is a quantum channel on B(H ). Especially, in
the case where εi is the unitary isomorphism defined by
εi(X) = UiXU
†




|pi|2UiTU†i , ∀T ∈ B(H )
and therefore is a generalized unitary operation on B(H ).
Moreover, we say that a CDQC (4.1) is a unitary duality
quantum computer (UDQC) if εi’s are unitary isomorphisms.
In the case that dim(H ) = N, B(H ) = MN . Given input
states {Ai}ki=1 ⊂ MN and output states {Bi}ki=1 ⊂ MN , Theo-
rem 3.2 gives indeed a necessary and suﬃcient condition for
a UDQC such that Up(Ai) = Bi(i = 1, 2, . . . , k) to exist.
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